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Abstract
The expansion factor, α2 = 〈s2N 〉/〈s
2
N 〉0, of branched molecules in the melt state is estimated. The
equilibrium expansion factor is determined as the point in which all the inhomogeneity terms of the
osmotic potential, ∆Gosmotic, go to zero. Numerical analysis shows that log α = 0.082 logN + const.
for 103 ≤ N ≤ 107, giving α ∼= const.N1/12 so that 〈s2N 〉
1/2 ∝ N1/3 which coincides with the value for
the critical packing density.
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1 Introduction
This paper deals with the volume expansion in concentrated solutions. The expansion factor of
branched molecules is estimated from the new point of view, making use of the the basic equation of
the chemical potential.
Our knowledge on polymer solutions is that (i) the excluded volume effects arise from the wild
inhomogeneity of segment concentration, and (ii) the magnitude of the effects is controlled by the
solvent-solute interaction [4] (the enthalpy parameter χ).
2 Theoretical
Let V1 denote the volume of a solvent molecule and V the space volume. The basic thermodynamic
formula is
∆Gosmotic =
kT
V1
∫ {
− (1− χ)J1 + (1/2 − χ)J2 +
1
6
J3 + · · ·
}
δV (1)
where J ′ks (= v
k
hill− v
k
valley) represent inhomogeneity terms with v denoting the local volume fraction
of segments and the subscripts hill and valley the more concentrated and the more dilute region
respectively. The molecular dimensions are determined by the force balance between the osmotic
potential, ∆Gosmotic, and the elastic potential, ∆Gelastic. However the osmotic potential is more
fundamental than the elastic potential, because under ∆Gosmotic = 0, no volume expansion is possible.
Since monomers are joined by chemical bonds, dilute polymer solutions are necessarily accompanied
by the wild inhomogeneity of the segment concentration, while such inhomogeneity is never allowed in
the non-solvent state because of the physical instability. So in the vicinity of the melt state, all J ′ks
should converge to 0. Then when we plot J as a function of the expansion factor (α), the equilibrium
1
state that gives αeq should occur in the close proximity of J = 0. This αeq is just the quantity which
we are going to seek.
By definition, v2 = V2ρN , where the subscript 2 denotes the polymer and ρN is the segment
density at the coordinate (x, y, z) around a molecule (N being the number of segments). Within the
framework of the Gaussian approximation [2, 3], ρN has the form:
ρN = N
(
β
piα2
)3/2 ∑
{a,b,c}
exp
{
−
β
α2
[
(x− a)2 + (y − b)2 + (z − c)2
]}
(2)
The constants {a, b, c} represent the location of the center of gravity of individual polymer molecules
in the system, and β = 3/2〈s2N 〉0 with 〈s
2
N 〉0 being the radius of gyration of an unperturbed molecule;
〈s2N 〉0 =
1
6CFNl
2 for linear chains (CF being the characteristic constant), but 〈s
2
N 〉0
∼= (
(f−1)pi
23(f−2)
)1/2N
1
2 l2
(N → large) for branched molecules [1, 5, 6].
According to the preceding work [16], we solve the present problem using the lattice model. Poly-
mer molecules are arranged on the sites of the simple cubic lattice. Then the maxima and the minima
of the segment concentration are located on the x = y = z line [16]. Applying eq. (2) to eq. (1),
we can evaluate the density fluctuation as a function of x and α. For the present purpose we use a
hypothetical model-polymer-system: a branched polymer that is made from the cyclotrimerization of
bisphenol A dicyanate [15], and N−methylpyrrolidone as the solvent . The employed parameters are
listed in Table 1 (the mean bond length, l¯, and the enthalpy parameter, χ, are arbitrary). In this
simulation, we identify the segment with the repeating unit.
Table 1: Parameters of a hypothetical branched polymer solution (d = 3)
parameters notations values
branched polymer volume of a solvent (NMP a) V1 160 A˚
3
volume of a segment V2 387 A˚
3
mean bond length l¯ 10 A˚
enthalpy parameter χ 0
a. N-methylpyrrolidone.
Examples of the density inhomogeneity in the melt state as a function of α are illustrated in Fig.
1 for the polymer having N = 107. To determine the equilibrium point, we have calculated ∆ρ/ρ¯
where ∆ρ = ρhill − ρvalley with ρ denoting the local density of segments around a polymer molecule
and ρ¯ the average density in the whole system. The mean separation, p, on the lattice between the
centers of gravity of molecules can be calculated by the equation φ¯ = V2N/p
3, where φ¯ is the average
volume fraction of segments in the system. In the present work, we confine ourselves to φ¯ → 1, and
the equilibrium point is taken so that ∆ρ/ρ¯ < 0.01. The rate of the change of the required quantity,
∆ρ/ρ¯, as against the variation of α is so rapid that there is no difficulty in locating the equilibrium
point. In the example of Fig. 1, αeq is in the vicinity of α = 3.1.
The numerical results for αeq thus estimated are plotted in Fig. 2 for the interval, 10
3 ≤ N ≤ 107.
Excellent linearity is found according to the equation:
log α = 0.082 logN + const. (3)
From this result we can calculate the exponent ν defined by 〈s2N 〉
1/2 ∝ Nν [7–14]: The observed value,
0.082, is close to 1/12, giving α ∼= const.N
1
12 , so that since 〈s2N 〉
1/2
0 ∝ N
1/4 (N → ∞) [1, 5, 6] for
randomly branched polymers, we have
〈s2N 〉
1/2 = α 〈s2N 〉
1/2
0 ∝ N
1/3 (for N →∞) (4)
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Fig. 1: The variation of the inhomogeneity in the melt state as a function of α for the hypothetical branched
polymer with N = 107. The equilibrium point is estimated as α ∼= 3.1
3
Fig. 2: The variation of the equilibrium expansion factor in the melt state as a function ofN for the hypothetical
branched polymer. The solid line obeys the linear equation, log α = 0.082 logN+const., giving α ∼= const.N
1
12 .
It is of course possible to assert that α may reach the true equilibrium well below the value calcu-
lated above because of the presence of the elastic potential, ∆Gelastic, so that the wild inhomogeneity
is still alive against the physical instability. For this objection it might be more proper for us to
state that the exponent is less than 1/3, i.e., ν ≤ 1/3. Quite on the other hand, the accommodation
problem requires ν ≥ 1/3, or else the packing density diverges as ρN ∝ N
1−νd for N → ∞ (d being
the space dimensions). So we may conclude that the exponent can be equated exactly with the value
of the critical packing density [18]:
ν =
1
3
(5)
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